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On the equality case of the Ramanujan
Conjecture for Hilbert modular forms
Liubomir Chiriac
Abstract
The generalized Ramanujan Conjecture for cuspidal unitary automorphic representations π on GL(2) asserts that |av (π)| ≤ 2. We prove that this inequality is
strict if π is generated by a CM Hilbert modular form of parallel weight two and
v is a finite place of degree one. Equivalently, the Satake parameters of πv are
necessarily distinct. We also give examples where the equality case does occur
for primes of degree two.
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Introduction

Let π = ⊗v πv be a cuspidal unitary automorphic representation of GL2 (AF ), where AF
is the ring of adèles of a number field F . For almost all finite places v the representation
πv of the local group GL2 (Fv ) is unramified. For such v, the associated semisimple
conjugacy class in GL2 (C) is given by a diagonal matrix


αv 0
,
0 βv
where αv and βv are complex numbers called the Satake parameters of πv . The trace
of this class is denoted by av (π).
The generalized Ramanujan Conjecture (GRC) predicts that all unramified πv are
tempered, i.e.,
|αv | = |βv | = 1.
The GRC is known to be true in several special cases, such as when π is attached to
a classical holomorphic modular form of integral weight or to a holomorphic Hilbert
modular form having integer weights ≥ 2 and all of the same parity (see Livné [15] for
a detailed account on the latter). In general, one knows that |αv |, |βv | ≤ (N v)7/64 by
the work of Kim and Sarnak [13] (over Q), and Blomer and Brumley [3] (over arbitrary
number fields). In another direction, Ramakrishnan [17] proved that at least 9/10 of
the local components satisfy the GRC. This bound was further improved by Kim and
Shahidi [14] to 34/35 ≈ 0.971.
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An equivalent way1 of stating the GRC is that |av (π)| ≤ 2. In the context of
classical or Hilbert modular forms this is also referred to as the Ramanujan-Petersson
conjecture. The primary goal of the present paper is to address the sharpness of this
inequality. In other words, we are interested whether the Satake parameters of π at
some v can be equal to each other. Our main result is the following:
Theorem 1. Let F be a totally real number field. Let π = ⊗v πv be a cuspidal automorphic representation of GL2 (AF ) associated to a holomorphic CM Hilbert modular
newform f of parallel weight two and trivial character. Let v be a place of F of degree
one that does not divide the level of f and the different ideal of F .2 Then the Satake
parameters of πv are necessarily distinct.
If π is attached to a classical modular form of weight k ≥ 2, Coleman and Edixhoven
[4] have shown that the Satake parameters are always distinct, provided that the action
of the crystalline Frobenius is semisimple. This is known for k = 2 unconditionally,
whereas for higher weights it would follow from the Tate conjectures [19]. On the other
hand, using some congruences of Hatada [9], it is not too difficult to see (cf. Gouvêa
[8]) that the conclusion of Theorem 1 holds for classical modular forms of level one.
To prove Theorem 1 we distinguish two cases. If the degree [F : Q] is odd or if
[F : Q] is even and π has some square-integrable local component one can transfer
to a quaternionic Shimura curve via the Jacquet-Langlands correspondence and then
proceed as in [4] —this is the content of Section 2. Thus, the novelty here is when
[F : Q] is even and there are no square-integrable local components. In this case, we
make use of a construction based on the Grunwald-Wang theorem for which we have to
assume that f has complex multiplication (CM), i.e., it arises from a Hecke character
of a totally imaginary quadratic extension of F . This way, we reduce the problem to
the previous case (cf. Section 3).
In general, for a regular algebraic cuspidal automorphic representation π, the set of
places v where |av (π)| = 2 has density zero. Indeed, this follows directly from the SatoTate conjecture, which has been known from the classical work of Deuring [6] and Hecke
[10] in the CM case, and has been proved more recently in the non-CM case [2]. At the
same time, we do emphasize that the equality case of GRC can occur at places of degree
greater than one. Section 4 contains a general recipe of producing Hilbert newforms
that have extremal Hecke eigenvalues at primes v of degree two. This is achieved by
base change lifting on GL(2) under a real quadratic extension F/Q, and specializing
at certain inert primes. To illustrate the existence of extremal Hecke eigenvalues, we
give sample numerical
computations for the modular elliptic curve X0 (14) and its base
√
change lift to Q( 17).
1

If n ≥ 3, the temperedness condition for π on GLn (AF ) clearly implies, but is not equivalent to,
|av (π)| ≤ n.
2
The fact v does not divide the level of f or the different ideal of F ensures that πv is a spherical
representation.
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2

The Jacquet-Langlands condition

In this section we do not assume that π is of CM type, but instead suppose that it has
a square-integrable local component when [F : Q] is even. This ensures the existence
of an abelian variety that arises as a quotient of the Jacobian of a suitably defined
Shimura curve, via the Jacquet-Langlands correspondence. As a result, one can exploit
the semisimplicity of the Frobenius endomorphism in this case.
Proposition 2. Let F be a totally real number field. Let π = ⊗v πv be a cuspidal
automorphic representation of GL2 (AF ) associated to a Hilbert modular newform f of
parallel weight two. If [F : Q] is even, assume that there exists a finite place of F where
the local component of π is square-integrable. Let v be a place of F of degree one that
does not divide the level of f and the different ideal of F . Then the Satake parameters
of πv are necessarily distinct.
Proof. By global class field theory, the set of places at which a quaternion algebra B
ramifies is finite and of even cardinality. Conversely, given an even number of places
there exists a unique quaternion algebra that ramifies at precisely those places. Now,
let B be the quaternion algebra over F with the following properties:
• B splits at only one infinite place;
• if [F : Q] is odd, B is unramified at every finite place;
• if [F : Q] is even, the finite place where π is square-integrable (by assumption) is
the unique finite place where B is ramified.
Denote by ram(B) the set of places at which B is ramified, and by disc(B) the
product of all the finite places in ram(B) (which, by definition, is the discriminant of
B). Let n0 be an ideal such that n = n0 disc(B), where n is the level of f. By the
Jacquet-Langlands correspondence, there exists a cuspidal automorphic representation
π 0 of B(AF )× such that πv ' πv0 for every v ∈
/ ram(B).
To get the prescribed level structure, we take an Eichler order O(n0 ) in B of level n0
and consider the group O1 (n0 ) = {θ ∈ O(n0 ) | nrd(θ) = 1}, i.e., the elements of reduced
norm 1. Since our B is split at exactly one real place, there is a map
B ,→ B ⊗Q R ' M2 (R) × Hn−1 ,
where H, as usual, are the Hamilton quaternions. Letting ι : B ,→ M2 (R) be the
projection onto the first factor, we obtain an arithmetic Fuchsian group (i.e., a discrete
subgroup of PSL2 (R))
ΓB (n0 ) = ι(O1 (n0 )) ⊂ GL+
2 (R).
This group acts by linear fractional transformations on the upper half-plane H and
the compact quotient ΓB (n0 )\H can be viewed as the complex points of the connected
component of a Shimura curve CB , which has a canonical model defined over F .
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At this point, one can argue exactly as in [4] to get the conclusion. For the convenience of the reader, we sketch the argument below.
Let Kf be the number field generated by all the Fourier coefficients of f, and let OKf
be its ring of integers. As shown by Hida ([11] Theorem 4.4), there exists an abelian
variety Af defined over F , which arises as a quotient of the Jacobian of CB . To get an
action of all of OKf take A = Af ⊗ OKf . If v is a prime of F of degree one whose residual
characteristic p is prime to the level of f and disc(F ), the abelian variety A has good
reduction at v. Denote by Av the reduction of A modulo v. The endomorphism ring
End(Av ) of Av is semisimple, so the Frobenius endomorphism Frobv acts on the `-adic
Tate module (` 6= p) as a semisimple linear operator.
Assume by contradiction that the Satake parameters of πv are equal, i.e.,
αv = βv = λ.
Then av (π) = αv + βv = 2λ, and the residual degree qv = αv · βv = λ2 is equal to
p, since v has degree one. The Eichler-Shimura congruence relation implies that the
characteristic polynomial of Frobv is T 2 − av (π)T + qv , and thus (Frobv −λ)2 = 0 in the
endomorphism ring. By the semisimplicity of Frobv , we infer that it must act as the
multiplication by the scalar λ. In other words,
Frobv = λ in End(Av ).
Consider the first de Rham cohomology group M of the associated Néron model A
of A over Ov . It admits a Hodge filtration Fil1 M := H 0 (A, Ω1 ) ⊂ M. Since Fil1 (M )
is locally isomorphic to OKf ⊗ Ov and λ2 = p we get that p does not divide λ, so
Fil1 (M ) ⊗ Fv is not annihilated by λ. However, Frobv has differential zero, so by the
previous paragraph we get that λ does annihilate H 0 (Av , Ω1 ) = Fil1 (M ) ⊗ Fv , which is
a contradiction.
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Proof of the main result

Now we assume that the Hilbert modular form f has complex multiplication by an
imaginary quadratic extension K/F with the associated Hecke character χ. Under this
assumption we will settle the case not covered by Proposition 2 namely, when [F : Q]
is even and the automorphic representation π generated by f has no discrete series
component at a finite place; so one cannot move to a Shimura curve directly. Our
strategy is to construct a certain character µ over K defined by some local relations
such that the automorphic representation π 0 of GL2 (AF ) corresponding to χµ will have
the following two properties:
(P1 ) πv and πv0 have the same pair of Satake parameters.
(P2 ) π 0 has a square-integrable local component at some auxiliary finite place v 0 of F .
4
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This way, by switching from π to π 0 we reduce the problem to the situation treated in
the previous section.
Proof of Theorem 1. Note that v cannot be inert in K, for otherwise av (π) = 0. Therefore, we can assume that v splits in K. Denote by q and q0 the primes above v in K.
If π has a discrete series component πu then the conclusion follows from Proposition 2.
So assume otherwise, and pick an auxiliary finite place v 0 of F that remains inert in
K (for simplicity, we keep the same notation for the prime in K above v 0 ). Consider
the set S = {q, q0 , v 0 } of places of K. To each element of S we shall associate a local
character as follows:
• For q and q0 , simply take the trivial characters of Kq× and Kq×0 .
• For v 0 , choose λ to be a quadratic character of Kv×0 such that λ 6= λ ◦ c, where c is
the non-trivial element of Gal(Kv0 /Fv0 ). More concretely, we will take λ to be the
quadratic character of Kv×0 attached to its unique unramified quadratic extension.
By the Grunwald-Wang theorem (Theorem 5 in Chapter X of [1]) there exists a
finite order global character µ of K such that
µq = µq0 = 1, µv0 = λ and µ∞ = 1.
F
(χµ) be the image of χµ under the automorphic induction map from the
Let π 0 = AIK
set of automorphic representation of GL1 (AK ) to the set of automorphic representation
of GL2 (AF ). Note that π 0 is cuspidal (cf. Example 3 in [18]).

Lemma 3. π 0 satisfies the properties (P1 ) and (P2 ).
Proof. Since v = qq0 , the coefficient av (π) can be written as
av (π) = χq (ω) + χq0 (ω),
where ω is an uniformizer of Fv ∼
= Kq ∼
= Kq0 . The condition µq = µq0 = 1 implies that
χq µq = χq and χq0 µq0 = χq0 . Therefore av (π) = av (π 0 ).
Consider the quadratic character ε of F corresponding to K/F such that f = f ⊗ ε.
By hypothesis, π has trivial central character, i.e., χ|F = ε. To establish property (P1 )
it suffices to show that π 0 has trivial character at v. This is equivalent to showing that
χv µv = εv , which is true because v splits.
Moreover, by our construction it follows that
F

F

πv0 0 = IndKvv00 (χv0 µv0 ) = IndKvv00 (χv0 λ).
Since we assumed that no local component of π is square-integrable, πv is not supercuspidal, so Theorem 4.6 of [12] implies that χv0 = χv0 ◦ c. At the same time, the character
λ has the defining property that λ 6= λ ◦ c, hence χv0 λ 6= χv0 λ ◦ c. By the same theorem
of [12], the local component πv0 0 is supercuspidal, and thus property (P2 ) also holds.
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Using Lemma 3 we can replace π with a related π 0 , without changing the Satake
parameters at v, such that π 0 satisfies the conditions of Proposition 2. In conclusion,
these Satake parameters of πv (and πv0 ) are distinct.

4

Examples of extremal Hecke eigenvalues

In this section we give a general recipe of constructing cuspidal automorphic representations on GL(2) where the equality case of the GRC occurs for certain places v of degree
two. The underlying idea is that inert supersingular primes can be “lifted” to produce
extremal Hecke eigenvalues, i.e., eigenvalues of largest possible absolute value permitted
by the Weil bounds. The example below was kindly explained to us by Emerton and is
originally due to Kottwitz.
Example 4. Start with an elliptic curve E over Q and a prime p of good
supersingular reduction, i.e., the trace of Frobenius ap (E) is 0. By a classical
result of Elkies [7], it is known that there exist infinitely many such p. Pick
any real quadratic field F in which p is inert. Again, for a given p, there
are infinitely many quadratic fields with this property.
Let f be a newform associated to E by the modularity theorem, so that
the p-th Fourier coefficient ap (f ) of f is ap (E). Under the quadratic base
change from Q to F , one can lift f to a parallel weight two Hilbert modular
form f for F . Denote by p the prime of F lying above p. Since p is inert in
F , it follows that the ideal p has norm N (p) = p2 and
|ap (f )| = |ap (f )2 − 2p| = 2p.
Therefore, if π is the cuspidal automorphic representation generated by f
then
|ap (π)| = ap (f )/N (p)1/2 = 2,
so the Satake parameters of π at p are equal.
For an explicit numerical example, we consider the elliptic curve E given by the
minimal Weierstrass equation
y 2 + xy + y = x3 + 4x − 6,
which3 is a model for the modular curve X0 (14). Associated to the isogeny class of E
is the unique newform f of weight 2 and level 14.
3

The elliptic curve E has Cremona label 14a1 (cf. [5]).
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We can write f as a product of eta functions
f (z) = η(z)η(2z)η(7z)η(14z)
∞
Y
=q
(1 − q n )(1 − q 2n )(1 − q 7n )(1 − q 14n )
n=1

= q − q 2 − 2q 3 + q 4 + 2q 6 + q 7 − q 8 + q 9 − 2q 12 − 4q 13 − q 14 + . . .
√
with q = e2πiz . Denote by f the base change lift of f from Q to F = Q( 17).
Using Pari/GP [16] we find that the first few supersingular primes of E which are
inert in F are given by the following table:
p
ap (f )
N (p)
ap (f)

5
11
0
0
25 121
-10 -22

23
0
529
-46

71
0
5041
-142

503
0
253009
-1006

1031
0
1062961
-2062

1637
0
2679769
-3274

In each case |ap (f)| = 2N (p)1/2 , so these Hecke eigenvalues of f are extremal.
The above construction can be summarized in a slightly more general setting:
Lemma 4. Suppose K/F be a quadratic extension of number fields. Let π be a unitary
cuspidal automorphic representation of GL2 (AF ), and let π 0 be its base change lift to
GL2 (AK ). Let v be a place of F such that πv is unramified. Assume that v is inert
in K, and denote by w the prime of K lying over v. Then |aw (π 0 )| = 2 if and only if
either |av (π)| = 2 or av (π) = 0.
Proof. Assume that {αv , βv } are the Satake parameters of πv , i.e., the unramified representation πv corresponds to the semisimple conjugacy class with diagonal entries
{αv , βv }. Since v is inert in K, the Satake parameters of the base change π 0 at the
prime w over v are {αv2 , βv2 } (cf. Example 6 in [18]). Therefore,
aw (π 0 ) = αv2 + βv2 = (αv + βv )2 − 2αv βv = av (π)2 − 2,
and the conclusion follows.
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[8] F.Q. Gouvêa, Where the slopes are, J. Ramanujan Math. Soc. 16 (2001), no. 1,
75-99.
[9] K. Hatada, Eigenvalues of Hecke operators on SL(2, Z), Math. Ann. 239 (1979),
no. 1, 75-96.
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